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ABSTRACT
The study of the kinematics of galaxies within clusters or groups has the limitation that
only one of the three velocity components and only two of the three spatial components
of a galaxy position in six-dimensional phase space can normally be measured. However,
if multiple topological images of a cluster exist, then the radial positions and sky plane
mean velocities of galaxies in the cluster may also be measurable from photometry of
the two cluster images.
The vector arithmetic and principles of the analysis are presented. These are demon-
strated by assuming the suggested topological identification of the clusters RX J1347.5-
1145 and CL 09104+4109 to be correct and deducing the sky-plane relative velocity
component along the axis common to both images of this would-be single cluster.
Three out of four of the inferred transverse velocities are consistent with those expected
in a rich cluster. A control sample of random ‘common’ sky-plane axes, independent
of the topological hypothesis, implies that this is not surprising. This shows that while
galaxy kinematics are deducible from knowledge of cosmological topology, it is not easy
to use them to refute a specific candidate manifold.
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1 INTRODUCTION
Astronomical observations generally enable three elements
of the position of an object in six-dimensional dynamical
phase space to be determined: two spatial elements by pho-
tometry and one velocity element (radial) by spectroscopy.
For extragalactic objects, various techniques enable the cos-
mological expansion velocity to be approximately subtracted
to deduce local (‘peculiar’) radial velocities.
In the study of the dynamics of a galaxy cluster, use
of the mean redshift of the cluster implies that these three
components are relatively well determined. The other three
components remain undetermined, except when occasion-
ally it can be argued that one galaxy is in the foreground
of another. To measure the transverse velocity of a galaxy
at a redshift 0.1 < z < 1 to a precision of 100 km s−1
would require the detection of proper motions of around
0.01−0.1µarcsec/yr. This is a signal about a thousand times
more precise than the noise (uncertainty) in typical VLBI
estimates, e.g. of the motion of the Celestial Ephemeris Pole
(?), so is not yet practical.
The study of cluster dynamics, therefore, requires sim-
plifying statistical assumptions about the distribution of
galaxies in phase space. While this is probably a reasonable
approximation for some purposes, measurement of all six
elements of kinematical information for each galaxy would
obviously enable a much more detailed understanding of the
cluster. For example, a net flow of galaxies in a certain three-
dimensional direction could be compared to a cooling flow
hypothesis or to a study of the merging of sub-structure.
The point of this paper is that measurement of the three
missing kinematical parameters for galaxies in the centre
of a cluster should be possible in certain cases of multi-
ple topological imaging of clusters. It would be possible to
estimate both mean transverse velocities and line-of-sight
relative galaxy distances, simply by deep optical imaging.
The reader is rst briefly reminded of the nature of
multiple topological imaging.
In a standard Friedmann-Lema^tre universe of constant
curvature, space (or more precisely, a hypersurface at con-
stant cosmological time) is a three-dimensional manifold of
which both the curvature and topology need to be measured
in order to know its geometry (e.g. ??). The curvature can
be described by κ0  Ω0+λ0−1, where Ω0 is the density pa-
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rameter and λ0 is the dimensionless cosmological constant.
Together with the Hubble constant H0 these could be re-
ferred to collectively as the metric parameters.
The metric parameters are related to local physics and
so are, in principle, easy to estimate or constrain by observa-
tion of astrophysical objects. In practice, many observational
complications arise.
The topology, which could require several parameters
to be fully described, is expected only to be related to
global physics, so strong theoretical predictions await de-
velopments in quantum cosmology (e.g. ??).
So the principle of measuring topological parameters
is purely observational, based on the fact that if the ‘size’
of the Universe is smaller than the apparently observable
sphere, then photons can travel several times ‘across’ the
Universe in less than the age of the Universe. In that case,
astrophysical objects would be seen at dierent celestial po-
sitions and dierent redshifts. The latter is equivalent to
dierent distances and dierent cosmological epochs. These
multiple images are referred to as topological images.
Three-dimensional apparent space interpreted with the
assumption of a trivial topology would still be valid, and
indeed very useful, to work with for many analyses, even
though physically misleading. It would be tiled by ‘copies’
of the Universe, and is termed the ‘covering space’.
Just as for techniques of estimating the metric parame-
ters, observational complications arise in searching for mul-
tiple topological images. Indeed, the result of this paper sug-
gests that galaxy kinematics in clusters are not likely to be
useful in ruling out identity between two images of clusters.
The word ‘size’ used above needs to be dened more pre-
cisely. The size parameters used here are: the ‘out-radius,’
r+, which is the radius of the smallest sphere (in the covering
space) which totally includes the fundamental polyhedron;
and the ‘injectivity radius’, rinj, which is half of the small-
est distance from an object to any one of its topological
images (?). The terms ‘injectivity diameter’ for 2rinj and
‘out-diameter’ for 2r+ are also adopted here.
For reviews on cosmological topology, see ? (1995; see
also ???), while recent developments include theory of topol-
ogy change at the quantum epoch (??????), ideas for cos-
mological microwave background (CMB) methods (???), a
review of three-dimensional methods (?) and observational
analyses which include candidates for the topological param-
eters (??). See references in these papers, section ?? here and
?) for CMB-based arguments that rinj and r+ either have
or have not been constrained by the COBE satellite.
The basic principle of measuring galaxy transverse ve-
locities is simple. Given the topology parameters to a certain
precision, the three-dimensional positions of multiple images
of a galaxy known to exist at a certain celestial position and
distance (estimated by the redshift) are calculated. If it is
the case that several images of the galaxy are expected to
be separated by short time intervals, i.e. at similar redshifts,
and at widely diering angles, then comparison of optical
images should be sucient to estimate several mean com-
ponents of the galaxy’s three-dimensional velocity over those
time intervals. In the case of two images separated by nearly
a right angle, a (near) transverse velocity can be estimated.
The candidate topology? suggested by ? (1998, sec-
tion 4.3) to t COBE data better than a ‘standard’ CDM
model, for Ω0 = 0.8, λ0 = 0.0, has a volume larger than that
of the observable sphere, so would not imply any multiple
images of ordinary astrophysical objects (it would only im-
ply multiple partial images of very large scale temperature
fluctuations).
The candidate topological parameters which would be
implied by the initial results of the quasar isometry search
method of ?) should imply multiple images well within the
horizon radius. However, the representations of negatively
curved multi-connected manifolds are less simple than those
of flat manifolds, and so would not be straightforward to
apply.
On the contrary, the candidate topology suggested
by ?), according to which the three rich clusters Coma,
RX J1347.5-1145 (?) and CL 09104+4109 (?) would be three
topological images of a single cluster, both implies multiple
topological images within the horizon and is simple to cal-
culate, since the angle formed by the three (with Coma at
the vertex) is close to 90. Moreover, it already includes the
topological identication of three known objects of which
two are at nearly identical epochs, and close enough that
sky survey optical images are readily available.
Hence, the identication of these three clusters by the
translations (Coma ! RX J1347.5-1145) and (Coma !
CL 09104+4109) in a flat (Ω0 = 1 or Ω0 = 0.2, and
Ω0 + λ0 = 1) universe is adopted here for illustration of
the derivation of transverse galaxy velocities via multiple
topological imaging.
As will be seen below, the results of this calculation
show that the converse is not easy: while topology can be
used to deduce galaxy kinematics, the expected kinematics
of galaxies in clusters do not provide an assumption-free
constraint against this cosmological topology candidate in
the absence of a full scale photometric and spectroscopic
observing programme.
In section ??, the geometry relating the clusters and
cluster member galaxies, the selection of galaxies hoped to
be cluster members, and the matching of galaxies between
two clusters are explained. In section ??, the application
to digitised scans of photographic sky survey plates is pre-
sented and the resulting transversal velocities are deduced.
In section ??, the results are discussed and observational ar-
guments for and against the hypothesised topological iden-
tity of the two clusters are listed. A summary is presented
in section ??.
For reference, the reader should be reminded that the
horizon diameter is 12000h−1 Mpc for Ω0 = 1 (λ0 = 0) and
 23400h−1 Mpc for Ω0 = 0.2 (λ0 = 0.8). Except where
otherwise stated, distances are quoted as comoving proper
distances in the covering space of an Ω0 = 1, λ0 = 0 universe
(hereafter, ‘Ω = 1’) or of an Ω0 = 0.2, λ0 = 0.8 universe
(hereafter, ‘’) and h  H0/100km s−1 Mpc−1 is explicitly
indicated.
? The word ‘topology’ is used loosely here to mean ‘a 3-manifold
of which some of the generators are represented quantitatively in
a common astronomical coordinate system’.
